In this paper, a finite element model is coupled to an homogenisation theory in order to predict the energy harvesting capabilities of a porous piezoelectric energy harvester. The harvester consists of a porous piezoelectric patch bonded to the root of a cantilever beam. The material properties of the porous piezoelectric material are estimated by the Mori-Tanaka homogenisation method, which is an analytical method that provides the material properties as a function of the porosity of the piezoelectric composite. These material properties are then used in a finite element model of the harvester that predicts the deformation and voltage output for a given base excitation of the cantilever beam, onto which the piezoelectric element is bonded. Experiments are performed to validate the numerical model, based on the fabrication and testing of several demonstrators composed of porous piezoelectric patches with different percentages of porosity bonded to an aluminium cantilever beam. The electrical load is simulated using a resistor and the voltage across the resistor is measured to estimate the energy generated. The beam is excited in a range of frequencies close to the first and second modes using base excitation. The effects of the porosity and the assumptions made for homogenisation are discussed.
Introduction
Piezoelectric materials can act as sensors or actuators in engineering structures. Embedded sensors in structures are an important application of piezoelectric materials and are used to track strain and damage in structures such as buildings, aircraft and bridges. Wireless sensor networks are increasingly being used in areas such as the aerospace industry, where control and monitoring of slender and light-weight structures is becoming more important. Furthermore, these sensors can also harvest energy, in addition to measuring the deformation. The energy harvesting capability of these sensors must be optimised by carefully selecting their configuration and appropriate materials selection. Porous piezoelectric materials have shown promise as sensors and energy harvesters due to their beneficial figures of merit when the porosity is increased.
Traditionally, porosity has been considered a defect in the fabrication process or a non-valuable property in many applications, such as concrete fabrication, steelworks industry or polymers manufacture. Recent scientific advances in last decades are changing the perception of porosity by both scientists and engineers [1] . Different authors have suggested possible applications of porosity in different fields, from construction using porous metals [2] to bioengineering using porous titanium in bones implants [3] . The aerospace industry is interested in such materials for their good thermal isolation properties and reduced weight [4] . Porous silicon has been proposed for important electronic applications [5] . Some authors [6] [7] [8] [9] studied porous ceramics from different points of view such as thermal shock isolation, catalyst supports, etc. However, less attention has been given to porous ceramics for energy harvesting. Energy harvesting is the ability of devices to scavenge energy from energy sources in the surrounding environment such as vibrations, light or thermal gradients. Piezoelectric ceramics have been studied recently not only for their energy harvesting capabilities but also for their sensor and actuator capability. These materials have important applications such as ink-jet printers, sonar transducers, heart rate monitors, hydrophones, air bag sensors, etc. When acting as a sensor they can be used for structural health monitoring (SHM) or to power small devices. Sodano et al. [10] presented an extensive review of the applications of piezoelectric materials to energy harvesting. These materials might be organic, such as ZnO or Polyvinylidenefluoride (PVDF) [11] , or inorganic such as PZT-5A or BaTiO 3 [12] . Friswell and Adhikari have explored the possibilities of piezoelectric devices to harvest energy from non-linear vibration [13] and from broadband excitation [14] . Erturk and Inman [15] studied the broadband high-energy orbits in a bistable piezomagnetoelastic energy harvester over a wide range of excitation frequencies. They illustrated that the axial static load can be used to tune the system over a wide range of frequencies. Madinei et al. [16] investigated an adaptive tuned piezoelectric vibration energy harvesting system based on the use of electrostatic forces. They showed that the resonance frequency of the piezoelectric harvester can be controlled by applying direct current (DC) to the electrostatic system. Neiss et al. [17] investigated the influence of soft and hard piezoceramic materials on bandwidth and power output for a nonlinear energy harvesting device. They concluded soft ceramics have stronger piezoelectric coefficients but a lower mechanical quality compared to hard ceramics. Cammarano et al. [18] studied the impact of the resistive load on the energy harvesters with a stiffening nonlinearity. They found that nonlinear energy harvesters with stiffening nonlinearities have similar optimal resistance loads, allowing to reach levels of voltage output to the linear counterpart on a wider range of frequencies. Other authors focused on optimising the geometry of the harvesters such as Zhou et al. [19] who developed a zigzag structure to enhance the power output or Masana and Daqaq [20] who developed an electromechanical nonlinear model of an axially loaded energy harvester. In [21] , the effect of the pore shape on the electrical properties is studied experimentally. The authors highlight that elongated pores have lower permittivity and higher g 33 (electric field per stress ratio) coefficient with respect to spheres inclusions or non-porous samples. Bowen et al. [22] studied how the porosity affects the piezoelectric and dielectric coefficients. Roscow [23] reviewed the manufacturing process of porous piezoelectric materials. In Reference [24] , the authors analysed the possibility of harvesting energy from porous piezoelectric materials using impact as a source of vibration. To the best of the authors' knowledge, there are no studies that treat porous piezoelectric ceramics for energy harvesting comparing simulation results and experimental testing for this new composite.
An experimental study was performed over a novel material such as the porous piezoelectric ceramics in order to validate the applicability of homogenisation theories and finite element approaches for energy harvesting applications of these material. The capability of porous piezoelectric material for harvest energy was assessed by comparing the predictions from an homogenised numerical model with those obtained experimentally. Due to the variability of results in the experimental tests available in the literature [22, 23] , it is desirable to use an analytical method which allows us to obtain estimates prior to the fabrication of the demonstrators. The composite material is homogenised using analytical theories such as Mori-Tanaka and included in a numerical model based on the finite element method which includes the geometry of the energy harvester. The porous piezoelectric patches used for experimental demonstrators were fabricated using two different methods, Burnt polymer spheres (BURPS) and freeze-casting. These patches were bonded to an aluminium beam and tested with a shaker which provides harmonic base excitation over a wide range of frequencies. The spectrum of the voltage outputs were measured and compared with those obtained by numerical model predictions.
The objective of this research is validation and verification of numerical models for porous piezoelectric materials. Porous piezoelectric materials are generally more efficient when exploiting the piezoelectric d 33 coefficient since it is higher than the coefficient d 31 [22] . However, to harvest energy using d 33 , the structure often has to be excited at very high frequencies (10 kHz) or transducer designs such as the Macro Fibre Composite (MFC) have to be used. Therefore, for validation purposes of the material model, it was decided to build an energy harvester which uses d 31 .
The structure of this paper is summarised as follows. The porous material manufacture process is detailed in Section 2. An analytical homogenisation method known as Mori-Tanaka method is presented in Section 4. The obtained properties are used in the next section to create a finite element model of the cantilever beam demonstrator. The demonstrator fabrication and the testing parameters are presented in the next section. Finally, the results and discussion are presented in Section 6 followed by the conclusions of the present study in Section 8.
Manufacture Of Porous Material
In this study, commercially available barium titanate powders (BaTiO 3 , d 33 = 147 pC/N, relative permittivity T 33 / 0 = 1470 [23, 25] , deionised water and poly(acrylic acid) (PAA, Mv 100,000, Sigma Aldrich, Saint Louis, MI, USA) and polyethylene glycol (PEG, Mv 8000, Sigma Aldrich, Saint Louis, MI, USA) were used as starting materials, freezing vehicle, dispersant and binder/pore forming agent (PFA), respectively.
For the burned out polymer spheres (BURPS) method, barium titanate powders were mixed with PEG in different proportions by weight and were uni-axially pressed at 300 MPa to form the disks. For freeze casting, suspensions with barium titanate powders, 3 wt % dispersant and 3 wt % binder were ball-milled for 24 h in zirconia media and de-aired by stirring in a vacuum desiccator until their air bubbles were completely removed. Freezing of the suspension and aqueous solution was performed as described in Reference [26, 27] by pouring them into a transparent aligned cylindrical polydimethylsiloxane (PDMS) mould, which was then transported to a copper cold finger and placed in a liquid nitrogen container. The frozen barium titanate pillars were then freeze-dried to remove the ice dendrites. The disks and freeze-dried barium titanate pillars were heat-treated at 500 • C for 2 h to remove the organic additives, followed by heat-treatment at 1200 • C for 2 h and then finally allowed to cool down naturally in the closed furnace. The sintered ceramics were then cut to a diameter of 10 mm and thickness of 1 mm by a cutting machine.
After the manufacture of the porous disks, the piezoelectric strain coefficient, d 31 , was measured using a Berlincourt Piezometer (PM25, Take Control, London, UK), which applies an alternating force of 0.1 N at a frequency of 97 Hz. Measurements of the relative permittivity of the sintered porous barium titanate were carried out at room temperature using an impedance analyser (Solartron 1260, Hampshire, UK). However, not all the material properties required to model the composite using the finite element (FE) method can be obtained without more advanced testing. For example, the elastic modulus cannot be measured using widely used resonance technique because the air in the porous material attenuates the resonance. Other mechanical tests which measure these elastic properties might destroy the patches. Therefore, to avoid these problems, an homogenisation process is proposed in the next section to predict the complete set of material properties.
Theoretical Homogenisation
Porous piezoelectric material is composed of two phases: air and piezoelectric material. For each phase, the material constants are well known, but the set of homogenised material constants must be calculated for the resultant composite. As stated in Section 2, not all material properties can be obtained with accuracy or without compromising the health of the porous ceramic disk. Hence, some material properties have to be predicted using a homogenisation approach.
One of the most commonly used approaches is to homogenise the material using analytical methods. Analytical methods have been used extensively to homogenise composites because of their accuracy and speed with respect to other approaches such as computational homogenisation using FE methods. One of the most well-known and validated approaches is the Mori-Tanaka method [28] . This method improves the Eshelby solution [29] given for ellipsoidal inclusions in elastic media. The approach may be used in multi-field physics analysis, for example for general composite materials [30, 31] and for porous piezoelectric materials [32, 33] . To perform a Mori-Tanaka homogenisation, the calculation of the Eshelby tensor, S * , is required and depends on the shape of the inclusion which is spherical in this case. The procedure to obtain this tensor is comprehensively detailed in Reference [34] and hence is not explained here. In the Mori-Tanaka method, each inclusion has properties E I where E I is composed of the elastic stiffness matrix (C), the piezoelectric matrix (e) and the permittivity matrix at constant strain (k s ). This tensor behaves as an isolated inclusion, embedded in an infinite matrix with properties E M , that is loaded remotely by an applied strain; therefore, each inclusion is subjected to the averaged stress fields acting on it from all of the other inclusions, through the superposition of stresses. The application of this method in a porous piezoelectric material is demonstrated in Reference [35] and is compared with other homogenisation methods such as self-consistent and computational homogenisation method using FEM. In this paper, the Mori-Tanaka homogenisation is presented as an accurate method to predict the homogenised material properties. The piezoelectric material properties are detailed in Table 1 . The air material properties used for the homogenisation method supposes a linear material with elastic modulus equal to 0 MPa, piezoelectric coefficients equal to zero and dielectric coefficients equal to the relative permittivity constant of the air. The homogenisation procedure of this method is summarised as follows: First, an influence tensor A I,r 0 has to be calculated for every phase r (A I,r 0 ) and percentage. This concentration tensor is written in terms of the Eshelby tensor as shown in Equation (1a). These concentration tensors are then averaged to obtain the general influence tensor, A I,r (MT)
, and, finally, the effective electro-elastic material tensor (E * ) using Equation (1c).
This method is self-consistent, since the inverse of the electromechanical matrix E * is equal to the compliance electromechanical matrix F * , which is composed by the elastic compliance (S), the piezoelectric matrix (d) and the permittivity matrix at constant stress (k T ).
Numerical Model
To design efficient porous material energy harvesters, a reliable and accurate modelling technique is needed. Today, one of the most powerful tools to represent complex multi-physics is the Finite Element Method. This method is based on discretisation of partial differential equations that govern the problem. It can model complex geometries as well as complex material properties. The porosity of piezoelectric material allows a smart distribution of the piezoelectric mass in the energy harvester, removing piezoelectric material from the places where the strain is lower and reallocating it where higher strains are located. The graded distribution of porosity generates functionally graded material which can maximise the power output for a given quantity of piezoelectric material. This distribution can be accurately modelled using finite element methods. Therefore, the FE technique was used here, although this study did not include functionally graded materials. In future studies, the porosity distribution will be optimised to maximise the power output.
In this study, the finite element package ANSYS R was used to model the harvester. The homogenised material properties obtained from the Mori-Tanaka theory were modelled in the linear elastic range using 3D elements as Figure 1 shows. The element type used for the whole model was SOLID 227. The external resistors were modelled using the element CIRCU94, connecting the top surface of the piezoelectric disk and the bottom surface. The FE model was coupled with Matlab R which performed the homogenisation process and provided the material properties and geometrical parameters to ANSYS
R . An in-house Matlab R code was developed to link ANSYS to MATLAB and can be used for optimisation/model updating purposes. The porous material was modelled using the homogenised parameters obtained in Section 3. 
Experimental Validation
To validate the finite element model, a set of experiments were designed. Several piezoelectric patches with different percentages of porosity were prepared at the University of Bath. The porosity of the test disk ranged between 20% and 66% with different values of thickness and radius, as shown in Table 2 . In addition, some non-porous piezoelectric patches were used to compare the accuracy of the model with traditional lead zirconate titanate (PZT). These non-porous square patches were PZT-5A and supplied by Morgan Advanced Ceramics. Their properties and dimensions are shown in Table 1 . The patches were attached to aluminium beams using conductive glue which also acts as the electrode. These aluminium beams have the properties specified in Table 1 . These piezoelectric demonstrators were tested using an APS Dynamics Model 113-HF electrodynamic shaker as an excitation source, powered by an APS amplifier Model 125-230. The type of testing was stepped sine analysis for a range of frequencies between 5 Hz and 42 Hz which includes the first two modes and the anti-resonance.
Two measurements were obtained, the base acceleration through an accelerometer located on the shaker, and the voltage difference between the top and bottom electrode of the piezoelectric patch using a Data Physics Quattro analyser.
Experimental Results
As stated in Section 2, an homogenisation method for the porous piezoelectric ceramic was used to obtain the complete set of material properties of the porous PZT. In Figure 2a , the results obtained from the homogenisation process for the piezoelectric coefficient d 31 and the dielectric coefficient T 33 are compared with the values measured on the patches after its fabrication. Note that the Mori-Tanaka theory is not suitable for a high volume of inclusions (see [28] ) which explains the positive values of the coefficient d 31 , predicted for percentages of inclusions over 55%, shown in Figure 2a . The homogenised values of these coefficients overestimate of the measured values. Further examinations of the disk reveal some cracks which potentially could decrease the piezoelectric values. It was also observed that not all inclusions are spherical, as was assumed (Section 3). In the case of the disk manufactured using the free-casting method, the shape of the inclusions tends to be more cylindrical than spherical. The cylindrical inclusions reduce in-plane properties whilst maintaining the benefits of the through thickness properties and this causes the differences between the values of the material coefficients in different directions. In other words, the in-plane properties of the porous piezoceramic with spherical inclusions will be larger than their corresponding values for the ones with cylindrical inclusion shapes [36] . Using the assumption of spherical inclusions could overestimate some parameters especially in direction perpendicular to the cylinders, as shown in Figure 2a . It was observed that the main piezoelectric coefficient for the voltage output in a cantilever energy harvesting device is d 31 which is potentially greatly affected by the shape of the inclusions. Once the material coefficients were obtained and validated, the dynamic tests were performed, as stated in Section 5. Table 3 shows the experiment setup for each test. The dynamic tests consider different fabrication methods (Free-Casting or BURPS) and percentages of porosity (from 20% to 66% porosity). In any harvester, the external circuit has a strong impact on the power output due to impedance matching. Therefore, the load resistance has to be optimised for each level of porosity to obtain the maximum power. In Reference [33] , it is suggested that the porosity has a limited impact on the optimal resistance, being close to the non-porous optimal resistance, defined by ω n RC = 1. This value for the first natural frequency (5.84 Hz, obtained from FE model) of the non-porous patch is approximately 10 MΩ. The resistors configurations are detailed in Table 3 for all the dynamic tests performed. To validate the FE model, non-porous patches were tested and compared with numerical predictions. Some of the results of this comparison are presented in Figure 3 . Good agreement was obtained between the numerical model and the voltage output obtained in the laboratory for different values of resistance connected to the harvester (see Table 3 ). The FE model accurately predicted the values of the resonance frequencies for all the tests performed. For example, in Test 1 the difference in frequencies of the first mode is lower than 1%. The antiresonance frequencies are slightly lower than the experimental values but the impact of this difference is negligible for energy harvesting. The amplitudes of the voltage output were predicted with a good accuracy, especially around the first mode, as Figure 3b shows. The difference between Tests 4 and 5, observed in Figure 4 , is due to different levels of the amplitude of base excitation. This was achieved by increasing the acceleration from 0.0885g (Test 5) to 0.1824g (Test 4) to identify possible sources of non-linearities. Nevertheless, no sources of non-linearities were identified, confirming that the energy harvester behaviour will remain linear in the ranges of base excitation amplitude tested. The damping ratio was obtained experimentally from the half power points and lies between for the first mode 1.27% and for the second mode 0.347%. To assess the reliability of the numerical model for non-porous patches, the analysis of the dynamic results are presented. Test 9 is not presented in this figure because the disk detached during the dynamic test due to crack propagation (see Figure 5 ) and the formation of cracks are an issue when manufacturing or testing porous material. The fabrication of the porous disk is difficult for thin patches (less than 2 mm) or high porosities (over 55% of the total volume), and disks usually collapse for porosities over 70%. In relevant papers (e.g., [23, 37] ), CT images of the porous material are given, where its structure and pore distribution are shown. In Test 9, the porosity was 66% which was the highest porosity achieved. In Figures 6 and 7 , a comparison between the numerical model prediction (solid line) and the experimental values (dashed line) is presented. The experimental voltage output of the porous demonstrator is, in general, lower than the non-porous output because the matrix material is different for non-porous (PZT-5A1) and porous patches (BaTiO 3 ). In general, the results show reasonable agreement between FE model predictions and measurements. This is an indicator that the stiffness and inertia properties reflect the physics of the problem and hence the geometry and material properties of the porous material. The amplitude of the voltage output varies according to the porosity and manufacturing process. For example, Tests 6 and 12 show an acceptable degree of agreement between the predicted voltage output in the numerical model and the experimentally measured voltage. In particular, the predicted and measured voltages have similar values around the first resonance frequency. In general, there is a shift in the voltage output between the predictions and the experimental results with Tests 10, 7 and 8 presenting the greatest shifts. A general shift in the voltage output can be possibly related to poorly estimated values of the piezoelectric coefficients. As mentioned in Sections 2 and 3, the values used in the FE model were obtained from the Mori-Tanaka method which assumes spherical inclusions and no cracks inside the matrix. These cracks are likely to decrease the piezoelectric coefficients and the dielectric coefficients, generating the shift presented in the graphs. This also might be seen as an indicator of the health of the disks. The fragility of the disks and the tendency for crack growth has already been highlighted, and hence measuring the coefficients before and after the dynamic tests could quantify damage in piezoelectric porous material. This is clearly different to the non-porous material where the second mode generates lower voltage amplitudes than the first mode (see Figure 4a ). This effect is interesting for designing wide range energy harvester which their frequency range spans multiple modes.
Some experimental data present important changes in the voltage output close to the anti-resonance frequency, for example Tests 7, 8 and 11. This variability is attributed to the noise when measuring very low voltage amplitudes. The fabrication method also has an important impact in the final voltage output. The BURPS manufacturing processing is a more developed technique for porous piezoelectric material than free-casting. It is simpler to manufacture and the results are better compared to free-casting. Hence, higher percentages of porosity can be achieved using this method. In addition, the free-casting method generates long aligned cylindrical-shaped inclusions which are very sensitive to cracks, contributing to fracture propagation under dynamics loads, especially loads normal to the polarising direction. 
Discussion
As stated in the previous section, there is a general shift in the voltage output of the porous material experimental test results compared with the FE predictions. This shift could be due to different reasons, such as the already mentioned difference between the assumed porous shape (spherical) and the real porous shape which can be oblate when using BURPS method or more elongated in one direction when using the free-casting method. This shape can have great impact on the different coefficients, as Figure 8 shows. The homogenisation process performed in Section 3 is compared for two different shapes. The extreme case of cylinder shapes shows a higher decrease in the piezoelectric coefficient with respect to the spherical shape when the percentage of porosity increases. The shape of the inclusions also affect the dielectric coefficients but, as Figure 8c shows, its impact is lower. The elastic coefficients are also affected by the inclusion shape, as already pointed out in [32] but the scope of this paper does not include the analysis of the shape inclusions on the homogenised properties. For further information, the authors recommend [32, 35, 38, 39] . A study using high resolution images of the porous patches is recommended to characterise the real shape of the inclusions. Different methods are available such as X-ray, CT or Tomographic microscopes. Another possible cause for the difference in the voltage output between the experiments and numerical simulations is the presence of un-poled material in the demonstrators. In the simulations, the material was assumed fully poled, which is very difficult to achieve in practice, especially for materials with inclusions such as porous piezoelectric materials. The presence of inclusions changes the distribution of the electrical field during the polarisation stage leading to concentration of the electrical field around the inclusions and lower electric field in other areas [40] . In these areas, if the electric field is lower than the coercive electric field required to polarise the material grains, then these areas do not exhibit the piezoelectric effect. Lastly, the porous materials are prone to cracking, especially at high volume of inclusions. The fabrication method also introduces some cracks due to the pressure applied during the manufacturing process.
Unfortunately, both unpolarised grains and the presence of cracks are very difficult to quantify either with or without destroying the demonstrator. Modern techniques of scanning such as CT Scanning could give some insight into the level of fractures and their orientation in the material. The authors refer to previous works (e.g., [37, 41] ). To assess the validity of the model, an uncertainty study was performed to obtain the possible range of voltage output. This study assumed a Gaussian distribution to represent the value of the piezoelectric coefficient d 31 . This distribution approximates the uncertainty in the fabrication process, polarisation of the material, the presence of cracks, as well as manufacturing tolerance and errors. The mean values and standard deviations for the porous piezoelectric materials manufactured using the BURPS methods are given in Reference [23] and presented in Table 4 . These data suggest that the decrease in the piezoelectric coefficient d 33 is lower than the decrease in d 31 for increasing porosity [25] , and hence this coefficient (d 31 ) could be potentially used in novel energy harvesters where the loads and electrical field are aligned. A random study was performed using 120 samples to obtain the variations in the voltage output shown in Figure 9 . In this figure, the experimental values constitute a lower bound of the predicted voltage output. Values around 40% of the nominal piezoelectric coefficient d 31 represent the best match with respect to the experimental results, which means there is still a big uncertainty around the manufacturing and polling process and how it should be included in the numerical models. Around the first mode, the sensitivity of the energy harvester to the piezoelectric coefficient d 31 is low, where changes in this coefficient do not imply great changes in the voltage output. The ability of porous piezoelectric material for energy harvesting is discussed. Given the small number of samples tested, and the scattering of the experimental data because of the manufacturing process, the conclusions of this study should be validated with further studies with more experimental samples. The results presented in Figures 6 and 7 shows that tests with low porosity samples produce more energy than those with higher porosity. This is due to the decrease in the piezoelectric coefficients and the presence of cracks which decrease the internal connectivity in the sample. However, the numerical simulations show that the power output does not decrease significantly with the porosity up to 40-45%, as Figure 10 shows. Although the piezoelectric coefficients decrease with increased porosity, the density and capacitance also decrease, and this gives a greater design space than might be useful in some situations. Further studies on the optimisation of energy harvesting with porous piezoelectric material, which includes the optimisation of the external circuit, should be performed to evaluate the performance of these materials for energy harvesting. Porosity(%) Power Output (µW) Figure 10 . Power output for given porosity percentage on Barium Titanate test samples. The resistance is constant (see Figure 1c ) and the frequency excitation is equal to the first natural frequency of each sample.
Conclusions
A validation scheme for novel porous piezoelectric based on energy harvesting capabilities is presented. A numerical model that obtains the homogenised material properties using Mori-Tanaka theory and finite element method for the harvester modelling was developed and validated. The validation is based on the comparison of voltage output with dynamic tests performed on porous piezoelectric energy harvesters. This scheme shows promising results for predicting the power output of energy harvesters. However, important reductions of the nominal values of the piezoelectric coefficients have been encountered due to the presence of cracks and unpolarised regions in the material as consequence of manufacturing imperfections and processing. The material modelling should be improved to account for these cracks and polarisation process, predict more accurately the material coefficients, and to optimise the piezoelectric material in terms of the electrical and mechanical requirements for energy harvesting applications. Future work will include the cracks and polarisation process in the numerical model of the porous piezoelectric material. Funding: This research was funded by Aerospace Technology Institute in the framework of "Exploiting Aeroelastic Deflections For Improved Aircraft Performance" project.
